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I. Introduction:

One of the fundamental question in sampling is how to effectively
use the complete auxiliary information in the estimating stage. In sample
surveys recent advance literature in estimation using auxiliary
information can be classified to three main approaches according to the
methodology used in estimating stage. These approaches are design based
approach, model based approach and model assisted approach (Wu and
sitter, 2001). The design based approach judges estimators with reference
to the sampling distribution. The model based approach used a model for
the varable of interest. If the model is not satisfied, the estimator will not
be efficient. The model assisted approach estimators are approximately
(asymptotically) design unbiased irrespective of whether the working
model is correct or not and are particularly efficient if the working model
is correct. In this approach inferences and the asymptotic framework are
design based with the working model is only used to increase the
efficiency.

Stratification is a common technique to increase the precision of the
finite population estimators (Hussein, 1999). It is suggested when it is
possible to divide a heterogeneous population into homogenous
subpopulations. It is useful when the data of known precision are wanted
or when sampling problems differ markedly in different parts of the
population (Cochran, 1977). In this paper, we consider the use of more
complex model in obtaining model assisted estimators for stratified
random sample. The proposed model-calibration estimators can handle
any linear or non linear model and reduce to the conventional calibration
estimators of Deville and Samdal (1992) in the linear model case. The
conventional calibration estimator of Deville and Samdal can be
presented as follow.

* Associate professor, faculty of commerce, Menoufia University, Shebein Elkom,
Egypt.



FAMILI Y 8 ssrnsvscmecm mome e JEWY

Consider a finite population consisting of N identifiable units.
Associated with the i™ unit the study variable y; and a vector of auxiliary
variables, X; . the values X;, X3 , .... X, are known for the entire
population but y is known only of i™ unit is selected in the sample.
Deville and Sarndal (1992) introduce the following calibration estimator
for the total. :

where
Xue =Y diXa
=S

where d; are basic design weights

-1
ﬁ={z di qixix}} Y diaiXiy;

ieS ieS
The uniform weights q; =1 are used in most applications but unequal
weights can also be motivated.

This model is suggested only when relationship between y and x
is linear. If a curved relationship exists between y and x, the so
constructed calibration estimator could be very inefficient. Sitter and Wu
(2001) proposed a unified model- assisted framework. This framework
proposed a new model calibration estimators can handle any linear or non
lincar working models and reduce to the conventional calibration
estimators of Deville and Sarndal in the linear model case. The unified
framework can also be used with any sampling design. This framework
can be presented as follow.

Assume the relationship between y and X can be described by a super
population model through the first and second moment.

E(y| X;) = n(X;,0)
V(yi| X;) = VZe? i=1,.N

where 6= (8y,..8,) and o? are unknown super population parameters.

1(X,0) is a known function of X and 6, the V; is a known function of X;.
E and V denote the expectation and variance with respect to the super
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population model. It is also assumed that (y; , X)), .:., (yn , Xn) are
mutually independent, s

Under this unified framework, auxiliary information should be used
through the fitted values assuming any model, linear, curved, exponential,
this can be done for any number of the auxiliary variables. Sitter and
Wu (2001) suggested the following two model-calibration estimators for
the mean which treated the fitted values as one auxiliary variable as
follows:

(1) Yic = Yar +{N-l§ i -NTY di!:‘i]ﬁﬂ

i=]

where
By = % diai(@ ~iXyi /E diqi (i -’
1
¥y =2 diqiyi /X diq;
ieS

B =X diqifij /X diq;
i€S
Yur =N7'T djy;
= = ad N % -1 e
(2) YMC = YHT +{N Zl K -N z di”’i}BN
iI=
where

By =Y diqiii/ Y digiif

ieS i€

Both %MC and ?‘MC are model-assisted and can handle any linear

or non linear models. That is they are both design — consistent
irrespective of whether the model holds and particularly efficient if the
model is correct.

I1. Study Objectives:
This paper is organized to accomplish the following objectives:-

1. Developing the mathematical formula of two model-assisted
estimators for the mean and total . These estimators can handle
any linear or non-linear model using stratified sample.
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2. Constructing the mathematical formula of their mean square crror
and comparing their mean square error with other estimators cited
in the introduction.

3. Using the new proposed estimators in estimating the total fertility
rate in developed and underdeveloped countries.

IIT Calibration Estimators Under Simple Random Sample:

Before proposing the calibration estimator for the stratified
random sample, it is helpful to develop the estimator first for simple

random sample as follows:

First, we start with Deville and Sarndall calibration estimator as
follows:

+ Yo =Yyt +(X-Xyr)'B

and xm = ): dixi
i€

Yir = diy;
ieS

1
B =[§S diqixix;:, 2 d;q; X;y;
1

Using the uniform weights q; = 1 which used in most applications.

Also, under simple random sample the design weights d; = L where
T

n; =P.(ied) =% where n is the sample size and N is the population

size.
Plugging for d; and q; we get the following.

Fm =*Z d.i’.=N§ Y, In=Ny=Y
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-1
fa=[): -’ixix:] % l:'xiYE

=1
5D =[>: xix:} T Xiyi

So, under simple random sample, Deville and Sarndall calibration
estimator for the total population take the following mathematical
formula

Yo=Y +(X-X)B

where Y=Ny X =Nx

o
B =[Z Xixl] 2 Xiyi
ie8

which is the simple linear regression estimator.

Under the unified framework introduced by Wu and Sitter (2001),
the information about the auxiliary variable should be used through the
fitted values p(x;,0) i=1,....,N

Assume we have a vector of auxiliary variables X; and assume
any appropriate model explain the relationship between the dependent
variable y and the auxiliary variables X;, Xz, .... X,. This model can
be a linear or non-linear model. The fitted values can be trcated as one
auxiliary variable and can be used to construct calibration estimators for
the simple and stratified sample as follows:

For simple random sample
?C = ‘;’ +(u- ﬁ)ﬁ

where Y=Ny i =Nu

y and © are the sample means of the dependent variable and
predicted values respectively
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IV Calibration Estimators Under Stratified Sample:
(a) The separate calibration estimator:

For stratified sample, two type of regression estimators of
the total can be formulated from the fitted values a follows.

Yoo =Yy +(Uy - Uy)B,,
- L -~
Yes =X Wy Y
he=l
where
a n “In
Bh=[_i Uiué] % U,
i=] i=]
This estimator is appropriate when it is thought that the true
regression cocefficients By, vary from stratum to stratum.
(b) The combined calibration estimator:

When we can assume that the regression cocfTicients does not
change from stratum to stratum, the following estimator is more
appropriate and can be formulated from the fitted values as

follows:
Ys =Y WpYy
. h
Od = z WhU
h
Yee =Yg +(U=-0Ug)B
where

1
é=[i UiUi]— i U;
1 ]

V The Mean Square Error of the Calibration Estimators
Under Stratified Random Sample.

In the model assisted approach, inferences and the asymptotic
framework are design based with working model is only used to increase
the efficiency. So the mean square error for the calibration estimator
under stratified random sample can be constructed as the Same as the
mean square error of the regression estimator in stratified sample. The
only exception is treating the predicted value as one auxiliary variable as
follows.
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M(Zon )= V(e )= 2205, 2048 v, + 0755

n‘'n

, L N2(N,-n
MY )= 3 121( n hJ(sg,,, —2thM_+bﬁS§h)
h=t N NpNyp

where by, is the stratum regression coefficients.

V1 Numerical Example:

In this example, the new proposed estimators areé used in estimating
total fertility rates. Data for 185 countries all over the world is
considered (United Nations, 2000). The special characteristics of birth
statistics suggest many of the variables that are useful in the analysis.
The variable of prime importance is the age of the child's mother. Two
variables are included in the analysis, percentage of births to women
under age 20 and percentage of births to women age 35 years or over.
Some characteristics of interest in the analysis of natality relate to the
place of occurrence in terms of urban- rural residence. The variable
percentage urban is included in the analysis to measure socio-economic
and place of residence difference in natality. The following table
illustrate some descriptive statistics for the variables included in the
analysis.

Table (1)
Descriptive Statistics for the Variables
Included in the Analysis

The Variable N | Minimum Maximu':iﬁ. . Mean Standard
. la | deviation

Total fertility 185 1.24 8.80 3.7843 1.89847
Percentage Urban | 185 5.66 100.00 | 53.6838 | 24.2079
Percentage of 185 1.00 27.00 11.5892 | 6.22092
births (under 20)
Percentage of 185 3.00 27.00 12.5838 | 4.71869
births (35 and over)
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We used the total fertility rate as dependent variable and percentage
of urban, percentage of births to women under age 20 and percentage of
births to women 35 and over as auxiliary variables. Assuming the linear

relation between the dependent variable and the auxiliary variables we
get the following fitted model. °

Table (2)
The analysis of variance of the regression model
Model SS F MS F Sig.
Regression 485.[509 3 161,870 | 165.717 .000
Residual | 167.798 181 977

Total | 662.407. | 184

R?=.733
Table (3)
Model coefficients and heir significant level
Model Coefficients Sig.
Constant 364 357
percentage urban -02079 .000
Percentage of births (women i b 4 .000
under 20)
Percentage of births (35 and 243 .000
over)

Assuming the model is appropriate, we calculated the predicted
values for each unit of the population. Table (4) illustrates the observed
and the predicted value for all the countries included in the analysis.




The observed value and the predicted values for each unit

Table (4)

"ISSR,CAIRO UNIV. Vol.37,No.1,2004

ordered descending according to the first variable

Observed | Predicted Observed Predicted
1 8.80 3.91693 35 5.89 5.39245
Ty 7.60 6.64651 36 5.80 5.42407
3 7.40 6.18165 37 5.80 5.06642
T8 7.20 6.49895 38 5.79 5.98100
ey 7.20 6.17049 39 5.70 5.36358
) 7.20 3.60037 40 5.70 5.64495
g 7.10 5.67495 4] 5.70 6.02045
i 7.10 6.32116 42 5.70 4.79956
"0 7.10 5.99025 43 5.60 5.57469
10 7.00 5.36073 4. 557 3.16791
i 7.00 5.89992 45 551 4.68948
12 7.00 5.72243 46 5.43 "5.55803
13 6.90 5.01305 47 5.40 5.32929
~14 6.80 6.92004 48 5.40 5.22846
15 6.80 5.88011 49 5.39 5.18819
P 6.80 6.64547 50 5.36 4.87990
17 6.70 5.97496 51 5.30 5.73476
—18 6.69 6.27643 52 5.30 3.94566
W 6.58 6.48596 53 5.25 5.64855
20 6.55 5.38814 54 5.20 5.39025
21 6.50 6.42089 55 5.20 5.64409
22 6.50 5.62603 56 5.05 7.08854
L 6.45 5.82909 57 5.00 6.36059
24 6.39 4.25260 58 5.00 5.95155
25 6.37 6.87079 59 4.92 4.89844
26 6.30 4.99870 60 4.90 6.37373
27 6.29 5.19447 61 4.86 5.13846
28 6.10 5.74443 62 4.85 4.42260
29 606 | 575544 | 63 | 4.80 451402
30 6.00 4.56297 64 4.79 5.57279
31 5.90 5.04110 65 4.77 4.72573
32 5.89 5.41972 66 4.70 3.33476
33 5.89 5.85533 67 4.68 4.89919
34 5.80 5.68314 68 4.55 5.05244
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Table (4) (continued)

Observed | Predicted Observed Predicted
69 445 3.47397 107 2.92 3.18922 =
70 441 431001 [ 108 2.90 4.56293
71 4.30 493680 | 109| 2.88 3.68149
72 430 299930 [110| 2.85 2.39805
73 4.20 590017 |111| 2.83 3.59547
74 4.18 3.88329 |[112]| 2.74 3.27093
75 4.10 474685 [113| 2.70 2.64711
76 4.10 313325 | 114| 2.70 3.65836 |
77 4.00 413236 | 115| 2.68 2.45238
78 3.95 260842 [116| 261 3.97616
79 3.88 3.92997 |[117] 260 "1.41433
80 3.83 221307 | 118] 2.55 3.10763
81 3.80 386236 [ 119 2.54 2.20307
82 3.80 402944 1120 251 [ 232662 |
83 3.75 454319 [121| 244 3.08168 |
84 3.62 328207 [ 122 243 2.28613
85 3.60 447132 [123] 238 2.18683
86 3.58 275882 | 124 | 235 3.34619
87 3.56 253202 |125| 233 3.06485
88 3.52 444443 [126| 229 3.20751
89 3.50 465328 | 127 220 420408 |
90 343 | 405652 |[128| 220 3.58234
91 3.40 536066 | 129 2.19 237807 |
92 3.40 340383 [130| 2.18 2.82843
93 3.40 4.08886 | 131| 217 1.67822
94 3.39 380814 [132] 215 2.74748
95 3.35 3.40559 | 133| 2.14 2.46860
96 3.29 3.66625 | 134| 2.12 2.02264
97 3.25 3.82413 [ 135 2.10 -.05327
98 3.14 417111 136 2.10 2.37661
99 3.12 404805 | 137 2.10 1.84791
100 3.10 251995 | 138 2.08 2.28578
101 3.09 246206 139 2.05 2.34211
102 3.09 3.55114 [ 140| 2.05 2.86128
103 3.05 3.15742 | 141| 2.01 4.17118
104 3.00 3.68458 [ 142 2.01 1.92915
105 2.98 346208 | 143 1.95 3.01636
106 2.93 2.62587 | 144 | 1.94 4.04161
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Table (4) (Continued)

Observed | Predicted Observed | Predicted
145 1.93 2.52785 166 1.64 2.06504
146 1.92 .59097 167 | 1.62 1.16659
147 1.89 224222 |168] 1.60 1.83379
148 1.89 2.15065 | 169] 1.60 2.17629
149 1.88 1.77776 | 170 | 1.59 1.67985
150 1.85 3.28239 |171| 1.8 2.06005
151 1.83 282878 |[172| 153 2.34546
152 1.79 1.69310 [173| 1.53 2.26569
153 1.78 1.69943 | 174 | 1.53 2.37617
154 1.78 195300 |175] 152 2.82555
155 1.75 1.51547 | 176 1.50 2.69472
156 1.79 1.95934 | 177 1.50 2.35360
157 1.73 3.34576 | 178 1.48 1.05194
158 1.70 197713 [ 179 1.47 1.73099
159 1.6 2.00499 [ 180 | 138 2.07935
160 1.68 1.75633 181 1.36 2.02545
161 1.67 1.60329 | 182 1.32 2.03938
162 1.66 131979 183 130 1.50065
163 1.65 1.47050 | 184 [ 127 1.95212
164 1.65 1.80545 [185| 1.24 227154
165 1.64 2.01582

A simple random sample of size n=99 is drown from the total
population. The calibrated estimator and its mean square error is
calculated .

A stratified random sample of two strata (n;=53 , n,= 46) is drown
from the total population. The calibration estimators for each strata and
their mean squarc errors are calculated . The two stratificd cstimators
and their mean square crrors are calculated. Table (5) illustrates some
descriptive statistics for simple random sample, stratified random sample
for the observed and predicted valucs.
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Table (5)
Simple random sample Stratified random sample
Mean | Standard First stratum Second stratum
Deviation | Mean | Standard | Mean | Standard
Deviation Deviation

Observed | 3.8398 | 1.61871 [5.0047 | 1.09718 | 2.1652| .53599

Predicted | 3.8482 | 1.95126 |5.4096 | 1.34818 |2.4683 | .78936

Table (6)
Relation Efficiency of the Calibration Estimators
From the Simple Random Sample

Method of estimation The estimate | The mean The relative
(TFR) square error | efficiency
1. Simple random sample
(mn\'mllonﬂ] m“mﬂ.!or) 3.8482 0123035 100
2. Simple random sample
(conventional estimator for 5.4096 0111382 100
first stratum)
3. Simple random sample
second stratum)
4. Simple random sample 3.7818 0047029 261.6
(calibration estimator )
5. Simple random sample
(calibration estimator for first 4.6616 0087805 126.8
stratum)
6. Simple random sample
(calitration ostimsior foF 2159087 | 0017459 159.9
second stratum)
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Table (7)
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Relation Efficiency of the Calibration Estimators

From the Stratified Random Sample

Method of estimation The estimate | The mean The relative
square error | efficiency
. Stratified random sample 3.76359 004036 100
(conventional estimator)
2. Stratified random sample
(catibration combined 3.4079 005426 74.9
estimator)
3. Stratified random sample
(calibration separate 3.5658 003109 129.8
*estimator)

VII Conclusion:

Table (6) illustrates the gain in precision from using the calibration
cstimator in simple random sample. The calibration estimator is more
precise than the mean per element for the entire population and for each
strata. Table (7) illustrates the gain in precision from using the
calibration estimator in stratified sample. In this example the separate
calibration estimator is more efficient than the combined calibration
cstimator. This result is acceptable since b, different from the first
stratum to the second stratum where b;=.657 and b,=.403 respectively.
In this approach the model assisted approach, the estimate can be
improved by using more appropriatc model. This example illustrates
using the calibration estimator as an example for model assisted
approach in addition to using stratification as a common technique for
increasing the precision.
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